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Let M be a closed P2-irreducible 3-manifold such that ;M has an infinite cyclic
normal subgroup Z. This paper proves that n; M /Z has the geometry of the euclidean or
the hyperbolic plane, in Gromov’s coarse quasiisometric sense. This is a step towards the
Seifert conjecture, that is, that M satisfying the given conditions must be a Seifert fiber
space.

The abelian groups which arise as fundamental groups of 3-manifolds are Z, Z®Z, Zo
Z @ Z, arbitrary infinitely generated subgroups of the rationals Q, finite cyclic groups,
and Zz @ Z([H]). It has been conjectured that infinitely generated groups of rank 1 do
not occur as normal subgroups of finitely generated 3-manifold groups. This is proved in
§2. We review previous related work. Given a compact connected 3-manifold M, with no
2-spheres in the boundary OM and no fake cells in M, if #; M contains an abelian normal
subgroup then a) M is an S? bundle over S! orb) M is homotopy equivalent to RP? x S!
or ¢) ®m M is finite or d) M = RP3#RP? up to homotopy or ) M is aspherical or f)
capping boundary 2-spheres in the orientation cover of M yields an aspherical 3-manifold.
Furthermore, all connected 3-manifolds M such that 7y M contains Z@Z or ZHZDZ
as a normal subgroup are known [HJ], [MS]. In addition, recall [EJ] that if an infinitely
generated rank 1 abelian subgroup A of a 3-manifold group G satisfies Ng(A) # Zg(A),
then Ng(A) = Z; X Zg(A), and either Zg(A) is abelian or Zg(A) is the fundamental
group of a closed aspherical 3-manifold. Passing if need be to a double cover, we need only
consider compact aspherical manifolds M, with Z(7; M) a rank 1 abelian group.

Recall that if M is a Haken manifold and 7; M contains a cyclic normal subgroup, then
M is a Seifert fibered space [W],[GH]},[JS], and that if M is virtually Haken then by [K]
. M has the homotopy type and by [S1] the homeomorphism type of a Seifert fibered space.
A Haken (or virtually Haken) manifold can contain no infinitely generated subgroup of Q
by [EJ] and roots and centralizers are well understood by [Sh],[JS]. In particular there are

no infinitely divisible elements.

Without the hypothesis that M is virtually Haken it is known that if 7; M contains a
subgroup Z @ Z, then either M contains an embedded incompressible torus, and therefore
a characteristic manifold [S2, S3] or m; M has a cyclic normal subgroup. If Z(m; M) is
infinitely generated, then m;M/(a), where a is any nontrivial element of Z(m; M), is a
finitely presented torsion group [EJ] by the classification of abelian 3-manifold groups. As
an exercise, the reader may show that if Q occurs as Z(w; M) for some 3-manifold M,
then m; M = Q. This is an unpublished observation of Scott. Let (a) be an infinite cyclic
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* central subgroup. In §3 and §4 it is shown that 7; M/(a) is coarse quasiisometric to either
the euclidean or the hyperbolic plane. In either case it is not torsion. This is a converse to
the Torus Theorem of [S2] and together with work of Tukia [Tul] and Scott [S1] provides
a partial solution to the Seifert conjecture, that is, that if M is P2?-irreducible M is a
Seifert fiber space.

I would like to acknowledge the support of the Department of Mathematics of the
University of California at Los Angeles, and useful conversations with Michael Benedicks,
John Garnett, Nicolas Varopoulos and Bob Edwards. Peter Scott pointed out an error in
an earlier version.

Notation. If H is a subgroup of a group G, Ng(H) and Zg(H) are the normalizer
and centralizer of H in G. Z(G) is the center of G. In a metric space, N(C,X) = {z :
d(z,X) < C} for a constant C' and subset X. X° = interior of X.

§1. The covering corresponding to the center.

The notation M introduced in the statement of theorem 1 will be retained throughout
the paper.

THEOREM 1. Let M be a closed P?-irreducible 3-manifold. Suppose that Z(my M)
has rank 1. The covering space (M,P : M — M) such that mi(P)(miM) = Z(m M) is
homeomorphic to 5! x R2. :

PROOF. There is a homotopy H : M x [0,1] —» M such that H|M x {0} = id,
HI|M x {1} = id, and each track H, : S' — M defined by S! = [0,1}/({0} = {1}),
H,(t) = H(p,t) represents a € Z(n,(M,p)). (Because a is central, a is well defined as
an element of m (M,p) for any p.) Since M is aspherical, H can be constructed by
extension over the skeleta of M. We cOx}sider H as a cyclic homotopy H: M x S 1 5 M.
H lifts to a homotopy H : M x S — M such that HlMx{o} = id. Fixing a Riemannian
metric (or triangulation) in M and pulling it back to M, all tracks of H in M have
diameter (measured in the metric, or by the number of simplices required to cover the
track) bounded by some constant C, because M is compact.

LEMMA 1. M is oriented.

PROOF. In other words we must show that each deck transformation of the universal
cover of M is orientation preserving. But each deck transformation (for example the

one corresponding to a) is properly homotopic to the identity (e.g. by a lift of H to
the universal cover) and therefore is the identity on third homology with locally finite

chains: - O

LEMMA 2. M has one end (which will be referred to as oo )-

After passing to the orientation cover of M if necessary, H3(M,Z) = Z, while H,
(Z(myM),2) = 0, so M is noncompact. Since M is aspherical, Hy(M,Z) = H,
(Z(m1M),Z) =0, so M has only one end. a

LEMMA 3. Given a compact set K in M and a € Z(my M) there ezists a torus T
separating K from co. Moreover, letting E be the noncompact component of M split on
T, ::E— M the inclusion, there ezists A in Z(mE) such thet i, A = a.

PROOF. Let K be a compact set in M. Enlarging K, we can assume that K is
not separated from oo in M by any 2-sphere. (This condition is satisfied as soon as
mK — m M is nontrivial.) In addition assume that M — K has only one component.
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Then M — K is aspherical: every embedded sphere in M bounds a homotopy ball (in fact
a ball by [MSY], [D]) so by the sphere theorem, if M is not aspherical there is a 2-sphere

separating K from oo in M. Let K', K" be compact codimension 0 submanifolds of M,
" such that K C K' C K", 0K' and OK" are connected, and d(0K,0K'),d(dK',dK") >

C. Then H(OK" x §') is dJSJoxnt from M — K'. The fundamental class of the surface K"
isa nontrivial element (in fact a genera.tor) of H2(M K',Z). Choose a basepoint * for
M —K'"® on 8K". Since the image in m; M of (m H)(m1({*} x §7)) is the subgroup (a) of
M, (7 H)(my(OK" x §* ))Em™ (M-K')isa finitely generated subgroup with nontrivial
center (which contains (m; H)(m;({*} x §1))). Since M — K’ contains no closed 3-manifold
as a prime factor, (7, H)(m;(8K" x S')), which we denote by G, is the fundamental group
of a Seifert fibered manifold with nonempty boundary by the result of [W] applied to a
core of the covering space Mg determined by G. The inclusion of K" — M- K'
factors through the covering space Mg of M — K'. Since M — K’ is aspherical, every
element of H,(Mg,Z) is represented by an element of H2(G Z). G is an extension Z »+ .
G *xT_,Z x xX_ | Z,.., so every element of H3(G,Z) is represented by a torus subgroup
ZoZ C G. So there is a m-injective map f : T? — M — K' such that £,[T?] is
a generator of Hyo(M — K',Z). It follows that if K" is a compact submanifold of M,
with connected boundary, and large enough to contain H(K" x § 1) in its interior, then

the characteristic submanifold of K" — K'° is nonempty and some embedded torus T
in the characteristig submanifold separates K' from K" and therefore from oco. T is
incompressible in M — K because K lies inside no ball. Let E = M — S5° where S is the

compact manifold with boundary T. T is compressible in S, so using [MSY],[D] T bounds
a solid torus. Choose a basepoint * in E-perhaps farther toward oo than the previous

x+—such that H({*} x S) lies in E. Let A be the element of 71(E, *) represented by
B({*}xS'). Then ],..A € m1(M — K, ) centralizes the subgroup 71(E, %) of m;(M-K, *)
So A€ Z(m E), and i.A = a.

Now we show that M has a standard end T? x [0,00). Fix T, S as above. leen a
compact set L D S, there is a torus T" separating L from oo, and such that the compact
manifold D with boundary components T and T’ contains * and H({*} x Sh). T' is
incompressible in E' because S lies in no ball. So (D, ) is a subgroup of 11 (M - K, %),
and H({*} x S l) represents an element A (by abuse of notation) of m;(D,*) which is
central. Since M is irreducible by [MSY],[D], D is Haken so by [W] D is Seifert fibered.
Suppose Z(m M) is cyclic. T' bounds a solid torus, so the Seifert fiber space D is a cable
space. Since A can be represented by a loop on either of T,T’, the maps H;S — H{ M,
H,S' — HyM, where S' is the solid torus bounded by T', are onto. So H;S — H,S'
is an isomorphism, and the cable space D = T2 x [0,1]. So the end of M is of the form
T x [0,00). T bounds a solid torus in M, so M is S! x R2. Now suppose Z(m; M)
is infinitely generated. H,(F,Z) = Z & Z(1r,M), so, if L is large enough, Hy(D,Z)
is not generated by H;(T,Z). It follows that D has at least one multiple fibre, and
therefore a hyperbolic base and unique Seifert fibering up to isotopy. There is a "third
torus T" separating T' from oo, such that the manifold D' with boundary components
T',T" admits a unique Seifert ﬁbenng, as does the manifold D” = D U D'. Then the
centralizer of 7D’ in m D" is (a), where a is the fiber of the Seifert fibration of D",
and therefore can be represented by a simple closed curve on T. A = a" for some n.
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There exists b € Z(m M), sugh that @ = b™,m > n, and corresponding homotopies
H(b): M xS'— M, H(b): M x S* — M. T' can be chosen far enough from T that
some element B of ;D' centralizes m; D' in m E and i,B = b, where i : D' — M is the
inclusion. By the uniqueness of the Seifert fibering, B = a! in m; D" for some I, ] > 1.
This is absurd: i,a!™ = i, B™ =™ =a = t.a™, but |llm > n. So Z(m M) is finitely
generated, in fact cyclic. O

COROLLARY. The center of any finitely generated S-manifold group is finitely
generated. ' O

THEOREM 2. Suppose that M is closed and aspherical, and m M has a normal cyclic
subgroup (a) and an element b such that [b] is of infinite order in wy M/(a). Then the
covering space M(a,b) of M corresponding to the subgroup (a,b) is an R bundle over a
torus or Klein bottle.

PROOF. By the missing boundary theorem [T] it suffices to show that some finite cover
of M(a,b) is standard. So we can assume that M is oriented and (a) is central. There

is a cyclic homotopy H in M which lifts to H in M (a,b) which has two ends. As in
theorem 1, M(, ) has an exhaustion by compact submanifolds with 2 boundary tori and

- therefore M(, ;) is homeomorphic to S! x S x R. O

Theorem 2 has also been proven in [HRS]. They don’t assume (a) is normal. But by
[S2,S3] this is the case unless (a,b) is represented by a singular torus in a characteristic
submanifold, in which case the result is well known.

§2. A bounded homotopy to a fibered structure ‘

We wish to choose the homeomorphism from M to S! x R? so that H : M x S* — M
is uniformly close to the group action of S! on M determined by the homeomorphism.

PROPOSITION 3. Let M be a closed irreducible aspherical $-manifold with Z(my M) =
(a). Let H : M x S' — M be a cyclic homotopy such that the tracks of H represent a,
and let H: M x S* — M be a lift of H. There is a homotopy J : M x S* x [0,2] » M
with compact support such that Jo = J|M x S* x {0} = H and there is a solid torus
B C M such that, writing J, = J|M x S* x {2}, J,|B x S! = B is a free S* action and
Jo((M — B) x S') C M — B. B will be referred to as a tube.

PROOF. Let B; be an unknotted solid torus in M (i.e. M — B? = T? x [0,0)). Let
B; and B; be larger unknotted solid tori such that: B; C B, C B;, d(8B,,0B;) > C,
d(8B;,0B;3) > C, B, — BY = T? x [0,1], B3 — B = T? x [0,1]. As in theorem 1, d is
the distance function associated with some Riemannian metric pulled back from M and
C is a bound on the lengths of tracks. There is a deformation retraction D : (B; — BY) x
[0,1] — B3 — BY of B3 — B} onto 8B,, such that D((B; — By) x [0,1]) C B; — B and
D((B, — BY) x [01]) C B, — BY. Extend D to D: ((Bs — B?) x [0,1))U M x {0} —» M
so D(p,0) = p for all p € M. Let E be an open collar neighbourhood of 8(B; — BY) in
B3 — BY such that d(8B;,E) > C. Let f: M — [0,1] be a continuous function such that
f=1on (B;—B})—~FE and f =0 on M —(B; — BY). Define J : M x S* x[0,1] = M
by J(p,0,t) = D(H(p,®), f(H(p,©))t). Then J is a homotopy with compact support
(in fact given a point p in M, J can be found fixing (M - N(8C,p)) x S1.) Write
J1 = J\M xS x{1}; then J;(Byx5") C B; and J;((M—B2)xS') C M—BY. As a map of
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pairs, J; : (B2,0B;) x S* — (B,,8B;) is homotopic to a group action J, : By x S! — B,.
By the homotopy extension property applied to the inclusion 8B; € M — B), J; extends
to amap Jp: M x S! — M such that J,((M — BY) x S C M — B, and J, is obtained
from j, by a homotopy supported in a neighbourhood of B,. Now take B to be an
- S'-invariant solid torus contained in B,. O

PROPOSITION 4. Under the hypotheses of proposition 3, if G = = M/{a) is residually
finite, M 1is a Seifert fiber space.

PROOF. By [K] and [S1] it suffices to show that M has a finite cover which is a Seifert
fiber space. Let F be a compact fundamental domain for G in M and let K be the
support in M of the homotopy J given by proposition 3. There are finitely many translates
@1F,...,9.F,g; € G, such that K C int UL, g;F. There is an epimorphism ¢ : G — H
where H is finite and ¢(g1),...,¢(gn) are distinct. Let M’ be the corresponding regular
cover of M. The projection 7 : M — M’ embeds K and B. M' — n(B) has a cyclic
homotopy and therefore a cyclic normal subgroup. Since M’ —n(B) is Haken, it is Seifert
fibered. It follows that M’ is Seifert fibered. O

Fix a Riemannian metric A on M, and let k also denote the pull-back of k to M. Let
d(,) : M x M — R be the associated distance function.

THEOREM 5. Given a closed irreducible aspherical 3-manifold M with Z(m M) = (a)
and corresponding cyclic homotopies H : M x S' — M, H : M x S* — M, there is a
homotopy J : M x S x[0,3] = M such that Jo = JIM x S'x {0} = H,J; : MxS' - M
is a free group action, and all tracks J((p,©) x [0,3]) have uniformly bounded diameter,
t.e. J i3 a bounded homotopy.

PROOF. Fix a basepoint * in M. There is a compact neighbourhood, say K =
N(10C,*) of * and a homotopy of H supported in K x S! to H; which straightens
the cyclic homotopy on a solid torus B containing *, by proposition 3. Take a subset
N of G which is maximal with respect to ¢, K N g, K = & for all ¢g; # g, in N. Then
N* = N - * is uniformly dense in M : for every p € M, d(p,N*) £ C; = 20C. Thereis a
bounded homotopy, J : M x S! x [0,1] — M, from H=Jy to J, : M x S! — M where
Ji((N-B)xS')=N-B,i(M~N-B)xS§')=M—-N-B,and J, : N-BxS' =+N-B -
is a group action. The bounded homotopy can be assumed to have support in N-K x S!.
We will now work in M = M~ N - B. Having straightened out H on the “$? -0-handles”,
we will straighten H on the “S 1.1-handles”, a disjoint collection of properly embedded
annuli of uniformly bounded diameter which divide M into solid tori, the “$? -2-handles”,
of uniformly bounded diameter, and finally straighten H on these. Let T be a collar
neighbourhood of 0B, small enough that N - T is a disjoint union. Replace h by &,
where h=h; on M — N B,k |9T = (971)*hy|T for all g € N, and OM is convex in the
metric h;. Write d; for the distance function of h;, and N;(,) for metric neighbourhoods
with respect to d;. For each isotopy class of embedded essential annulus in M, there will
- be at least one embedded annulus of least area. If C),C, are boundary components of
least area annuli A;,A4; and C;,C; lie on the same tube, C; and C, are disjoint unless
A; = A;. Given two least area annuli A; and Ay, A; and A, intersect transversely in
finitely many essential circles. These statements can also be established for PL least area
annuli [JR]; in this case the triangulation is modified in T.

Fix a tube By;. We will inductively construct trees I'(n) with vertices By,...,B, and
edges Ai,...,An wherei) the B;, 0 < i < n are distinct tubes, ii) one component of 94;
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is on 9B; and the other is on some 9B;, 0<j <i-1, iii) A; minimizes area among all
annuli joining a tube not equal to By,...B;_; to one of the tubes By ... ,B;_,.

LEMMA 1. For each n, the union UI'(n) = BoU...U B, U Ui<i<nAi ts embedded
in M. ' ‘

PROOF. This is true for n = 0. Suppose it is true for 0 < i < n. Let A,;; be
an annulus of least area among all annuli joining a new tube By,4; to one of By...B,.
(Obviously An4 exists, and need not be unique.) Suppdse that 94,43 € 8B4, U 0B;,
and An41 N Aj # O, for some i < j. Distinct -annuli, of least area in their relative
homology classes, intersect either transversely in a single essential circle or not at all.
Furthermore k # i,j. The proofs are simple trading arguments. Let C = A,4; N A;.
Then there are annuli A(0Byn41,C))A(C,0B:), A(8B;,C), A(C,8B;) such that A,y =
A(0Bn+1,C) Uc A(C,0Bs) and A; = A(8B;,C)Uc A(C,0B;). Write an, a(0Bn41,C),
etc. for the areas of A, A(0Bn+1,C), etc. Then a(dB;,C), a(C,8B;) > a(C,dBy).
Otherwise an annulus of area strictly less than ap4; joining dB,4; to one of 0B;, 0B;
could be constructed by rounding the corners of (say) A(8Bn41,C)Uc A(C,8B;). Suppose
k < j. Then there is an annulus A(C,3B)Uc A(C,0B;) of area strictly less than a;, which
contradicts the choice of 4;. So i < j < k. But then the annulus A(8B,,C)Uc A(C,8B;)
has area strictly less than a;, contradicting the choice of A;. We are done by induction.
O

Let I'(w) = Un»oI'(n) be constructed inductively. I'(w) need not contain every tube,
so we continue to construct trees I'(8) for countable ordinals 8 by transfinite induction:
if B is a limit ordinal, and I'(y) has been constructed for all v < 3, I'(8) = U,«sI'(v); if
B =+ +1 is a successor, and I'(y) has been constructed but does not contain every tube,
choose I'(y + 1) to satisfy conditions i), i), iii). There are only countably many tubes, so
for some countable ordinal a, the tree I'(a) contains every tube. Lemma 1 shows that no
two annuli of I'(a) intersect.

LEMMA 2. i) The areas a, are uniformly bounded above. ii) The annuli A, have
uniformly bounded diameter. iii) UI'(a) is locally finite in M. (In i), ii), n ranges over
all successor ordinals less than or equal to a ).

PROOF. i) N-B is uniformly dense, so for any n, d(BoU...UB,, N-B\(BoU...B,)) <
2C;. Using d;, the inequality holds with a constant C;. There are only finitely many
equivalence classes of pairs (mB,IB) such that dy(mB,IB) < C3,(m,! € N) under the
equivalence relation (gmB, glB) ~ (mB,IB) if (gm,gn) € N x N, because N is uniformly
dense in G (with respect to the word metric associated with some fixed set of generators.)
For each such pair there is a least area annulus A4,,;; one of these has the biggest area Cj.
Then a, < C; for all n. ii) Using PL minimal surfaces, i) gives a bound on the number of
1-simplices an annulus A, meets. If A, meets a 2-simplex A, A, meets some 1-simplex
of JA. So the diameter of A,, is bounded, say by Cs. In a Riemannian setting, one may
argue that a, > d;(0pAn,014,) - Cs where Cg is a lower bound on the length of a closed
curve in M homotopic to a track of the cyclic homotopy. iii) This follows from ii): given
a compact set K, an annulus which meets K has boundary components on two of the
finitely many tubes which meet N;(Cs, K). O

Note that essentially the same proof shows that, in a complete Riemannian plane R
with uniformly discrete, uniformly dense subset N there is an embedded tree, with vertices
N and geodesic edges, and edge lengths are uniformly bounded.

Split M on UI'(a), obtaining a collection of components. Each component, say X
has a connected boundary X consisting of annuli from the 4s’s (8 < a and not a limit
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ordinal) and annuli which lie on tubes dBg. The inclusion of any one of these annuli is a
homotopy equivalence. X = N;(D,08X) for some D (say C3; + Cjs) independent of the
component X. Nx(,) means the metric neighbourhood with respect to the metric dx
obtained from h; by taking lengths of paths in X. Write 0X = ... A4, Uc(2n) T Uc@n+1)
Apty... where each A, is mapped to some Ag(y) in M by the natural map X — M,
each T, is mapped to an annulus in some B.(,), and each C(n) is a circle. We say Tp,, T,
have a combinatorial distance d'y(Tm,Tyw) = |m — n|. Adjoining additional annuli splits
X into components. The concept of combinatorial distance extends in the obvious way to
compact components. '

LEMMA 3. There are constants C7,Cs,Cy independent of the component X such
that a) if 0X is noncompact, there are annuli T, T, in 0X and an embedded annulus
A C X joining Ty, and T, such that i) diameter A < C7 and i) d'y(Tm,Ty) = Cs;
and b) if X is compact and has combinatorial length greater than Cy, then X contains
an embedded annulus A joining two tubes T,,,T, such that i) diameter A < C7; and ii)

“(Tm,Tn) 2 Cs.

PROOF. a) Given two tubes Ty, T; with k <, choose k' < k <1< ' so that Ty, Ty
are disjoint from Nx(C7,T;) and Nx(C%,T;) where the constant C; will be chosen. There
are half-open annuli L;, L, in 8X, beginning at Ty, Ty. Nx(2D,L;)NNx(2D,L,) # 9.
(Otherwise X would have two ends, and an open annulus, properly embedded in X
running from one end to the other would separate M into two unbounded components,
each of which must meet UT'(a). But UI'(«) is connected and disjoint from the hypothetical
annulus.) So there is an arc a of diameter < 4D joining L; and L;. An embedded annulus

A can be found in an arbitrarily small neighbourhood of H{(a). Choose C7 = 4D +Cs +1.

b) Similarly, with E;,L, and E,;,L; as indicated in Figure 1b, Nx(2D,L,;) N
Nx(2D,L;) = @ implies that X retracts onto the torus obtained by identifying
E;,E; to circles. But X is a solid torus if X is compact. (X need not, how-
ever, be embedded by the natural map into M). Choose Cy so large that it is
possible to find Ty, Ty, Ty, Ty, Tty Ty Tpery Tyr such that dx (T, Trr), dx(Tirry Tprnr),
dx(Ti, Tr),dx(Tpr, Ten) 2 Cho,dx (T, Tt),dx (Tim , Ti) 2 Cs. Cyo must be chosen so
that at least one of the tubes between T} and Ty is at a distance C7 from Tj. This is
possible because i) the tree I'(a) has vertices of uniformly bounded valence ii) the new an-
nuli which are added are distant from each other, so the maximum valence of the enlarged
graph is also bounded. O



Figure 1

A collection {A;}ier of annuli in X, such that
i) each annulus A; is properly embedded, and its boundary components lie in
annuli TO(:))TI(:);

ii) the A; are disjoint, and
iii) each A, joins two tubes at a combmatonal distance at least Cg

cuts X up into pleces of uniformly bounded size. Each A;,i{ € I can be chosen to
be area minimizing in its relative isotopy class; and moreover, the whole set of annuli
{Ap : Bis a successor ordinal and 8 < a} U{A4;:i € I} = {A;:i € I} can be chosen
such that there are finitely many annuli say A,,... Ay (after remdexlng) such that {4;:
1€ L} CG-{4,,...An}.

LEMMA 4. There is a bounded homotopy J : M x S* x[1,2] from J; to Ja, such that
J is a homotopy relative to N - B, and J; is an S? action on a regular neighbourhood
N(A;) of each annulus A;,i € I,. .

PROOF. Clear. O

LEMMA 5. There is a bounded homotopy J : M x S x [2,3] from J, to Js relative
to the tubes N - B and the neighbourhoods N(A;), so Jo5 preserves each component of
M — Ui, N(A;) and Js is an S' action.

PROOF. In the covering space of M corresponding to i,m,Y where Y is the closure
of a component of M — U;er, N(A;), there is a deformation retraction onto Y. Argue as
in proposition 3. O

This finishes the proof of theorem 5. O

Itis convenient to introduce the concepts of quasiisometry, pseudoisometry and coarse
quasiisometry. Let X and Y be metric spaces. f: X — Y is a C; -quasiisometry if

Cyldx(z,2') < dy(f(z), f(z")) < Crdx(z,z')
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and a (C), C;)-pseudoisometry if
Cildx(z,z') — C; < dy(f(z), f(z')) € Crdx(z,2') + C;

(C1 21,C; > 0. Our (C,C;)-pseudoisometry is a (Cy + 1, C2(C? + C) ))-pseudoisometry
using Mostow’s definition [Mo].) A relation R C X x Y is a coarse quasiisometry if, for
some C;,Co, M

a) if (z,y),(z',¥') € R, then

Crldx(z,x') — C; < dy (') < Crdx(z,2") + Cs

and

Cildy(y,y') — C: < dx(z,z') < Cidy(y,¥') + C2

b) Given any z € X there exists z' € X,dx(z,z') < M, such that (z',y) € R for
some y € Y; and similarly for Y.

(Given a coarse quasiisometry R, it is always possible to increase C, decrease M to
0 and obtain a new, larger relation, R C R'.) See e.g. [G2],[Cp]). When possible we say f -
is a quasiisometry, etc. rather than a () -quasiisometry, etc.

COROLLARY 1. G 1is coarse quasitsometric to some plane R, i.e. a complete Rie-
mannian manifold homeomorphic to R2. We write this as G ~ R.

PROOF. The lengths of the orbits of the S! action constructed in theorem 5 are
uniformly bounded, in the original metric d. Average h and give the quotient space R
the induced metric. O

COROLLARY 2. R can be chosen to be quasihomogeneous, that is for every c there
exists C and r € R such that every metric ball B(c,p),p € R, 1is tsomeiric to some
B(c,p') contained in B(C,r).

PROOF. There are only finitely many types of S*-0-handles, S*-1-handles, and S'-
2-handles up to the action of G on M and in each type of handle the S! action was
constructed in the same way. (By way of justifying the terminology, quasicrystals are
quasihomogeneous. ) O

COROLLARY 3. Suppose a group H 1is coarse quasiisometric to a complete Rieman-
nian plane R. There ezists a subset N C H and an embedding of N in R which is a coarse
quasiisometry, and an embedded geodesic 1-complez I' in R, with vertez set N, uniformly
bounded edge lengths, uniformly bounded valences of vertices, and complementary regions
which are open 2-cells of uniformly bounded diameter.

PROQOF. It follows from the existence of the coarse quasiisometry H ~ R that a
uniformly dense subset N C H embeds uniformly densely and uniformly discretely in R.
The embedded 1-complex I is constructed by the argument in lemmas 2 and 3 of the
proof of theorem 5. O

COROLLARY 4. With the hypotheses of corollary 8, H is coarse quasiisometric to a
quasthomogeneous plane. In fact there a triangulation T(N') of R, with vertices N' of
bounded valence, such that H D N C N' and N is uniformly dense in H with respect
to the word metric and in N' with respect to the (singular) Riemannian metric in which
every triangle is equilateral.

PROOF. The inclusion N C R extends to a uniformly discrete quasiisometric embed-
ding of H. Choose generators for H which include each ny'n, where n;,n, are endpoints
of an edge of the geodesic 1-complex of corollary 3. Then the Cayley graph I'(H) of H
(with respect to these generators) can be mapped into R, so that each edge is a distance
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minimizing geodesic between its endpoints, extending the embedding of cor. 3. The image
is uniformly locally finite. Any two edges intersect in at most 1 point. There is a bound on
the number of edges of I' an edge e of I'( H) crosses. Since there is a bound on the lengths
of perimeters of complementary regions to I', the edge e can be replaced by a path in T,
of some bounded length. It follows that H ~ I, where I' is given the metric based on
paths in I'. To triangulate I', add extra vertices and extra edges in each complementary
region. It is easy to see that the resulting I'(N') is quasiisometric to a union of equilateral
triangles and, —adding curvature to the triangles near their vertices — to a (smooth)
quasihomogeneous plane.
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§3. On groups which are coarse quasiisometric to planes

Given a group G coarse quasiisometric to a plane R, which we may assume to be of
bounded geometry, we use the quasiconformal structure of R to show that G is in fact
coarse quasiisometric to a hyperbolic plane, if R is conformally a hyperbolic .plane, and
R is conformally equivalent to C if and only if G is amenable. By the uniformization
theorem (e.g. [A2]) R is conformal to either C or H.

THEOREM 6. Suppose N C G is C;-dense, and a plane R of bounded -geometry
is triangulated with vertices N' such that N C N' is C;-dense in the metric on R and
furthermore the relation N C GxR is a coarse quasiisometry: C;'dg(n,n') < dp(n,n') <
Cidg(n,n'). Suppose (without loss of generality by Corollary 4 of theorem 5) that there
are only finitely many isometry types of iriangles in the triangulation T(N').” Then there
ezists C and ¢3 : G x R — R such that

i) for each g € G, n € N, dg(¢s(g)n,gn) < C
i) da(da(gh)n, 4a(g) o #a(h)n) < C
iii) each ¢3(g) is a diffeomorphism, and the diffeomorphisms ¢3(g) -are uniformly
bilipschitz:

IDés(9)ll, lIDgs(9) Il < C

in particular, the diffeomorphisms ¢3(g) are uniformly C? -quasiconformal).
iv) and there is a subset N" C N, uniformly dense in N, such that ¢3(g)N" C N.

Sketch of Proof. G acts on G by translation and therefore on N’ C R by quasi-
isometries, which extend to pseudoisometries ¢ : G x R — R such that ¢o(gh) and
#0(g) o #o(h) are uniformly close. As in theorem 5, there is a bounded homotopy from ¢
to ¢; : G x R — R, a uniformly quasiisometric set of homeomorphisms. Because R has
bounded geometry, the set {¢1(g) : ¢ € G} can be taken to be uniformly bilipschitz.

In the proof we use the convention that “A4 C R is K -discrete” means that dgr(a,b) >
K for every a# b in A.

PROOF.

LEMMA 1. There ezists ¢ : G x N' — N' such that

i) if n€ N, da(¢(g)n, gn) < Cy

i) dg(é(gh)n, #(g)o ¢(h)n) < 3C, for ne N
iti) #f m € N’ there ezists n € N such that dp(m,n) < C; and for all g €
G, #g)m = d(g)n
iv) if m € N',dr(é(gh)m, ¢(g) o (h)m) < 3C,C3

v) if mym' € N' and dp(m,m') > 3(Cz — C3C,) then
a) dg(¢(g)m,d(g)m') < 2Cy + C3(dr(m,m') + 2C2) < Cydr(m,m')

b) dr(é(g9)m,d(g)m') < Cidr(m,m') + 2C1C; +2C2C; < Csdr(m,m')

¢) dr(é(g)m,d(g)m') > C;2dr(m,m') — 2C;2C, —2C51Cy > Cyldg(m,m') for

some constants Cy,Cs.

PROOF. i) and iii) can be used to define ¢, making arbitrary choices for each m € N'.
ii), iv), v) follow by the triangle inequality, for suitable Cy and Cs. O

LEMMA 2. There ezists ¢ : G X R — R, eztending ¢ : G x N' — N' such that the
maps ¢(g) are (Cg,Cr)-pseudoisometric.

PROOF. Extend the maps to the edges of the triangulation, mapping each edge n;n,

to a shortest geodesic between the endpoints ¢(g)n;, #(g)n2, and then to the 2-simplices
of the triangulation. Because there are only finitely many possibilities up to isometry for
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triples (¢(g)no, #(g)n1, #(g)n2) where ng,ny,n; € N' are the vertices of a 2-simplex, the
singular 2-simplices can be chosen to have uniformly bounded diameter. O

LEMMA 3. Given n € N, there ezists a homotopy ® : G x R x [0,1] — R and con-
stants €,Cs,Cy independent of n such thati) ®(g,r,0) = p(g)r i) supp® C Gx B(Cs,n),
i13) tracks ®((g,r)x[0,1]) have diameter < Cg, tv) each ¢(g) defined by @(g)r = ¥(g,r,1)
is a diffecomorphism from B(e,n) to B(e,p(g)n) and #(9)"'B(e,p(9)n) = B(e,n) and v)
the maps ¢(g) : B(e,n) — B(e, ¢(g)n) are Ci; -bilipschitz.

PROOF. There exist concentric circles 5;, S2, 53, Ss, S5 bounding balls B, ... Bs con-
taining #(g)n and a circle Sg around n bounding a ball Bs such that ¢(¢)Bg C By and
#(9)(R— B?) C R— BY. We sketch the required construction. Given vertices nj,n; of the
triangulation T(N'), let dr(n;,n2) be the number of edges in the shortest edgepath from
n) to nz. Let Ny(m,n) consist of all 2 simplices A such that all vertices v € A satisfy
dr(v,n) < m. Let Nr(m,n) = Ny(m,n)U (all complementary domains with compact
closure). Then St(m,n) = ONp(m,n) is a circle. There is also a circle Sr(m — 1/2,n)
which is the boundary of a regular neighbourhood of dN7(m,n) in Np(m,n) and separates
Nr(m —1,n) from ONr(m,n). Choose S; = St(1, ¢(g9)n),S2 = St(1.5, 4(g)n). Choose
Se¢ = St(me,n) where the whole number mg is at least Cg(1.5+ C7). Let m, be the first
whole number after Ceme¢ + C7, and let Sy = St(my, #(g)n), Ss = Sr(ms + 1,4(g)n).
Choose S3 to be a circle between S, and S;. Let f : R — [0,1] be a continuous
function such that f = 0 on B, 0 < f < 1 on BY — B, and B} — By;,f =1 on
By —BY, and f =0 on R— BS. Let D, : Bs — B x [0,1] — Bs — B} be a deforma-
tion retraction onto S3 such that Dy(Bs — B x [0,1]) C By — B} and extend D, to

R x {0} UBs —B{ x[0,1] by Dy(r,0) =r. Then Rx [0,1] - R x {0} U(Bs — BY) x [0,1]
defined by (r,t) — (é(g9)r, f(#(g)r)t) is continuous, and H; : G X R x [0,1] — R defined
by Hi(g,r,t) = Dy(é(g)r, f(#(g)r)t) is a homotopy. By a further homotopy ¢(g) can be
homotoped to ég( g) satisfying: a) é;(g) : B¢ — Bj is a diffeomorphism in addition to b)
$(g)"lB3 = Bs. b) was achieved by H;. The support of @ is in G x Np(Cems + C7,n)
(where ms = my4 + 1). Similarly diameters of tracks can be bounded in dr. As dr is
comparable to the metric on R, Cg can be chosen independent of n,g. O

Given a set N” C N of vertices such that ¢(g)|N" is injective, ¢(g~!) can be homo-
toped on small neighbourhoods of the points in ¢(g)N" to ¢*(¢7') : R — R a (Cs,Cy)
- pseudoisometry where (using lemma 1 iv)) Co = C7 + 6C1C3 + 1 and ¢*(g™!) restricted
to B(e,#(g)n) equals $(g)~'. Replacing C7 by Cy in lemma 3 leads to a constant Cyo
instead of Cs. (We can assume Cjo > Cs.

LEMMA 4. Suppose N" C N is (C7 + 3CsCyo)-discrete. Then there is a homotopy
H, : G x Rx[0,1] = R such that i) Hi(g,7,0) = p(g)r, i) each p1(g) := Hy(g,r,1)
is C11 -bilipschitz as a diffeomorphism ©1(g)|B(e, Ny : B(e, N'') — B(e,p(g)N"), iii) the
tracks of Hy have diameter < Cg so each ¢1(g) is (Cs,C7 + 2C3) pseudoisometric, and
iv) there is a set {p2(97!) : R — R,g € G} such that p3(97')(R — B(e,p(g)N")) =
R B(e,N"), 029 1) (R — B(e, N')) = R — B(e, §(g)N"), and a) all maps 5(g~")
are (Cs,C12) -pseudoisometric where Cy2 = C7 +2Cyo —in fact each p2(97!) is a (Cro +
6C1C3+1)-bounded homotope of e(971); b) dr(p2(9™)op1(g)z,z) < Cio+C7+CsCs+
dR(‘P(g-l) o0 p(g)z,z) < Ci13 = Cro+ Cr+CeCs + Cy +2C1C3 + C2C1 + CeC7 +Cr, ¢)
dr(p1(9) 0 p2(9~1)z,2) < Ciy for some Ciy.

PROOF. Because each (g)(N") is 3Cyo-discrete, for each g there is a homotopy of
¢(g~1), constructed by applying lemma 3 simultaneously to each vertex of ¢(g)N", soiv)
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a) is satisfied. Then apply lemma 3 simultaneously to each vertex of N", and the other
statements follow. 0

LEMMA 5. There is a constant Cys such that if f : R — R satisfies dr(f(z),z) <
maz(Ci3,C14) then f is homotopic to the identity by a Cis -bounded homotopy.

PROOF. We use the bounded geometry of R. First, by a bounded homotopy homotope
f to fi so as to fix a uniformly dense, uniformly discrete set V) of vertices. After a second
bounded homotopy f, fixes the edges of a cell decomposition with vertices V;, and after
a third f fixes every 2-cell. : O

Suppose N" is chosen to be maximal with respect to being Ci¢ = max(C7 +
3CsCho,Cr + Cs(2C1s + 1)) discrete. Then for each g € G, p1(9) : R— B°(e,N") —
R — B%(¢,o(9)N") is a relative homotopy equivalence, and ¢1(g) © ¢2(9~!) is bounded
homotopic to the identity, in R — B%(¢, N”) relative to the boundary. (If N" were only
(C7 + 3C6Cho)-discrete, ¢1(g) o ¢2(g™!) would be bounded homotopic to the identity in
R, but not in R — B%e¢,N").)

Finally, ¢1(g) is bounded homotopic to a diffeomorphism, by an argument like that
of lemma 5. Alter the metrics of R — B’(N"),R — B%(¢1(g9)N") in a neighborhood of
the boundary so that the boundary becomes convex. There is an embedded set E(N") of
geodesic arcs in R — BY(N"), each shortest in its isotopy class, and of uniformly bounded
length. The complementary regions are of bounded diameter, and by choosing the metric
on R — B%(N") to be quasihomogeneous, as in theorem 5, and suitably choosing the
geodesic arcs, there will in fact be only finitely many isometry types of complementary
regions. (When there is more than one shortest arc in an isotopy class, the shortest arcs
are linearly ordered, as indicated in Figure 2. Always choose a leftmost or a rightmost arc,

AB or CD in figure 2.)

Now we construct ¢s.

Map each edge e € E(N") to a geodesic arc ¢3(g)e which is shortest in the homotopy
class of ¢;(g)e; because ¢;(g) is a homotopy equivalence this arc is embedded—see e.g.
[FHS]. Choose the image arc to be leftmost or rightmost. The graph E(N") is constructed
from E(N") by removing e-neighbourhoods of vertices and putting in a circle. ¢3(g) can
be chosen to map E(N") into R by e — ¢3(g)e, BY(N") — Bl(p3(g9)N"). By discarding
some vertices of N” (e.g. ab,c in Figure 3) it can be assumed that the closures of the
regions complementary to E(N") are embedded 2-cells, as are their images. Extend ¢3
over the 2-cells. Because there are only finitely many isometry types of regions comple-
mentary to E(N"), and only finitely many isometry types of regions complementary to
#3(g)E(N") where g € G is variable, ¢3 can be chosen to be bilipschitz, with a constant
independent of g. (A region complementary to #3(g)E(N") is determined, up to finitely
many choices, by the sequence (ni,...ni), ni € N such that the edges of the region join
B(n1),... Be(nk), Be(n1) in that cyclic order, and the knowledge of which points of N
are in ¢3(g)N", in some region of size bounded independently of ¢ ) _ 0O

THEOREM 7. Suppose the (finitely generated) group G is coarse quasiisometric to a
complete Riemannian plane R. If R is conformally equivalent to H, G is coarse quasi-
1sometric to H.

PROOF. Assume (without loss of gen;arality by theorems 5 and 6), that R can be
triangulated with vertices N', that the quasiisometry is given by inclusions N — G,N -
N' C R where N is uniformly dense in G and R, and N”,¢; : G x R — R satisfy the

13



Figure 2

b

C
O—

Figure §

conclusion of theorem 6. Each map ¢3(g9) : R = R is C?-quasiconformal. Given an edge
e of E(N") joining ny,n; € N the endpoints ¢3(n7')ny, ¢s(n; )ny are distinct and
there are only finitely many possibilities for the pair (¢3(ny!)n1, ¢a(ny!)nz). Given two
points r,s in R there is an open annulus A(r,s) which separates {r,s} from infinity in
R and has maximal extremal width d(A(r,s)) by a standard application [St] of normal
families. See e.g. [A1] for a discussion of extremal distance. Since C?-quasiconformal

maps change extremal distances by at most a factor C?, the extremal widths d(A(n,,n2))
are bounded above and below:
Ci7 < d(A(n1,n2)) < C1s
It follows that the distance dy(n1,n2) in the hyperbolic metric is bounded:
Ci9 < dg(ny,nz) < Cao )
where C19 = f(C17),C20 = f(Cis) and f can be expressed using elliptic modular functions
as in [A1,A2]. Note that this does not say that N is Cyg/2 discrete.

LEMMA 1. N" C H is C3; -dense for some constant Co;.
PROOF. There is a bound k on the number of sides of the cells complementary to the

geodesic network E(N"). As in the proof of theorem 6, (see figure 3) we can assume that
each of the complementary regions has embedded closure. Divide each cell into at most
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Figure 4

k — 2 triangles, as in figure 4. This defines a locally finite 2-cycle on R which represents

a generator of Hé'f (R,Z). Map this 2-cycle into H, mapping each simplex to a geodesic
simplex with the same vertices. The resulting locally finite 2-cycle covers H, and edges
have length < k- C20. So every point in H is within Cz; = k- C3 of N ", O

"LEMMA 2. Given m,n in N", there is a chain m = ng,n;...np, =n in N" such that
each pair (ni—1,n;) is the pair of endpoints of some edge e of N, and Crldg(m,n) <
p < Ca2dg(m,n).

PROOF. The Cayley graph of G, the graph E(N") and the triangulation are coarsely
equivalent to each other. O

LEMMA 3. Given m #n in N", dy(m,n) < C3C22 - dg(m, n). O

LEMMA 4. Given a hyperbolic geodesic between m,n in N'", there is a broken
geodesic m = ng,(ng,n1)...(np—1,np),np = n where (nj-1,n;) is a hyperbolic geodesic,
m,ny,...n € N, each dg(ni-1,n;) <3C21 and Y Fdu(ni-1,n;) < 3dy(m,n).

PROOF. Let m = lp,l1,...1l, = n be equally spaced points on (m,n) with d(l;—1,%;) <
C,;. For each I; choose an n; € N" with dy(lj,n;) < C2; and ng = m,n, = n. Then
dg(ni-1,ni) < da(ni-1,li-1) + dg(li-1, i) + du(li,n;) < 3Cy. O

LEMMA 5. There is a constant Co3 such that if dp(ni—i,ni) < 3Can then
dg(ni-1,n;) < Cas.

PROOF. Apply ¢3 (n,-__ll) to the pair (n;-1,n;) obtaining g, h. There are finitely many
possibilities for ¢ : dd(e,g) < C;. For any given g, dy(g,h) < K(3Cs1,C?) by the

compactness of normalized C?-quasiconformal mappings. There are only finitely many
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points of N in any compact set. So there are only finitely many possibilities for the pair
(g,h). So dg(g,h) is bounded. Since ¢; (n7})) is a coarse quasiisometry with respect to
dg, dg(ni-1,n;) is bounded. O

LEMMA 6. There ezists Coq such that if m # n € N" and dg(m,n) < Cas, then
du(m,n) 2 Cy.

PROOF. As ususal there are only finitely many possibilities for the pair (¢3(m~')m,
$3(m~1)n). Because the maps ¢3(m™') are uniformly quasiconformal, there is an upper
bound on the extremal width of an annulus separating m,n from infinity and a lower

bound on the hyperbolic distance from m to n. O
LEMMA 7. dg(m,n) < C2Csdg(m,n),dg(m, n) < (3C33/C24)du(m,n) for any
m,n in N'.
PROOF. Combine lemmas 3,4,5,6. O

It follows using lemma 1 that N” is uniformly discrete (as well as uniformly dense) in

H, that N” is coarse quasiisometric to H, and that G is coarse quasiisometric to H.

Here is an alternative argument, using lemmas 1-4. Since the maps ¢3(g) : g € G are
uniformly quasiconformal, they have uniformly quasisymmetric boundary values ¢.o(g) :
S1 — Sl. The maps ¢3(g) satisfy du(da(gh)(n),(¢s(g)o #3(h))(n)) < K; for some K,
and all n in N"'. It follows that using lemma 1 @oo(g9h) = boo(g) © oo(h). The kernel of
boo : G — QS(SL,) is finite, because there is a bound K3 such that a C? -quasiconformal
homeomorphism f which acts trivially on S, satisfies du(p, f(p)) < K3, and by lemma
4, if ¢oo(g) =id,dg(e, #3(g) - €) is bounded.

Eow $oo(G) acts on SL x SL x S — A where A = {(p,q,r):p=¢,¢g=r,0rr =p}.
Let us show that this action is properly discontinuous. (S.,)* — A has two components,
one of which [(SL)® — A]+ consists of triples in clockwise order. For given (p,g,r) €
[(SL)? — Al+ and a neighbourhood U x V x W of (p,q,r) (where UNV,V NW,W N
U are empty) let z € H? be the point on the geodesic pg such that the geodesic zr
makes a clockwise 90° angle with pg. By the compactness properties of quasisymmetric
mappings, if ¢oo(G)U XV x W)N U xV x W # ¢, du(z,¢3(9)z) < K3 where K;
‘depends on C? and the size of the neighbourhoods U, V,W. Again there are only finitely
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many possible g's. M = [(SL,)* —A]+/¢(G) is compact. Otherwise M is a noncompact
irreducible 3-manifold with finitely generated fundamental group and nontrivial center
Z(mM) = m((S%)} — A,*). But then @oo(g) is a free product of finite and infinite
cyclic groups so G would have infinitely many ends contradicting the assumption that
G is coarse quasiisometric to a plane. By theorem 8, a group G which acts uniformly
quasisymmetrically on S), such that [(S1,)® — A]4+/G is compact is coarse quasiisometric

to H2. 0

Remark 1. The hyperbolic plane admits metrics which are complete, have bounded
geometry, yet satisfy Ao = O where XAg is the bottom of the spectrum of the laplacian.
(By the well known theorem of [Br], if such a plane were coarse quasiisometric to a group,
the group would be amenable. In [Br] it is assumed that the manifold M such that
/\O(M )=0 and M is coarse quasiisometric to m M is actually the universal cover of M,
but inspection of the proof shows that this is inessential.) This illustrates the strength of

the hypothesis that R is coarse quasiisometric to G.

Remark 2. Suppose there is a closed 3-manifold M, Z C Z(m(M)) and G =
(x1M)/Z. Tt can be shown, using theorem 3.1 of [HRS], that G is virtually euclidean,
or a torsion group, or contains a free subgfoup. I R is conformal to C, then A¢(R) =
inf(f smooth with compact support)( [, df A *df) /( Jr |12 dA) = 0. To see this, suppose
Xo > 0. By a theorem of Cheng and Yau [C-Y] it follows that there is a (unique, up to
constants) positive harmonic solution to Au + Agu = 0. Then u is superharmonic. But
C admits no positive superharmonic nonconstant function. I would like to thank S.Y.
Cheng for this argument. So by [Br] and theorem 7, G is virtually euclidean, or torsion
and amenable, or coarse quasiisometric to H2. This result will be superseded by theorem
10. However it would be of some interest to prove theorem 10 using quasiconformal geom-

etry as in theorem 7 instead of random walks, and for that purpose the hypothesis “G is
torsion” might be useful.

Theorem 8 is essentially due to Tukia [Tu2]; see also [Cp]. (In fact Tukia shows that

the action is quasiconformally conjugate to a conformal action, if n > 3.)
THEOREM 8. A (finitely generated) group G is coarse quasiisometric to hyperbolic
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space H*, n > 2, if and only if G acts with finite kernel uniformly quasiconformally
(uniformly quasisymmetrically, if n =2) on S in such a way that ((S%71) - A)/G

is compact. .

PROOF. Suppose an action of G on S%! is given. As in theorem 7, identify (S2%;71)%—
A with the 2-frame bundle %H;‘. By the compactness of normalized quasiconformal
(respectively quasisymmetric, if n = 2) mappings of Sn-1, G acts quasiisometrically on
VaH™. It follows that ¢ — n(g-(p,q,7)), where = : V;H" — H" is the projection, and
p,q,r are 3 fixed points, is a coarse quasiisometry from G to H". Conversely, suppose
é : G — H" is a coarse quasiisometry. Then G acts uniformly quasiconformally on
5§71 with finite kernel, and (assuming this kernel is empty) we obtain an embedding
G — Vo,H", g — g -e where e is some fixed 2-frame. Given any 2-frame f € VH", there
is some g € G such that dyn(n(f),#(g)) < L where L is a defining constant for the
coarse quasiisometry ¢. Check that g - e is close to f. This shows that G is cocompact
in V,H™. ' O

THEOREM 9. Given two faithful actions G Y% QC(S%Y) (respectively G —»
QS(SL)) each of which is cocompact on (S%')® — A, there is a canonical conjugating
homeomorphism: h: ¥y =hoWUz0h™1 and h is quasisymmetric or quasiconformal, with

a quality depending only on the qualities of ¥,,¥;.

PROOF. Theorem 8 provides coarse quasiisometries ¢; : G — H", ¢, : G — H". The

relation @, o ¢7! is a coarse quasiisometry. h is the boundary value homeomorphism

(620 7 oo o

Conjecture 1. Suppose G is coarse quasiisometric to H?. So there is a finite group
F4G and G/F C QS(S?) is a uniformly quasisymmetric group, and there is a 3-manifold
M = [(SL)? — A)4+/G such that Z(mM) = Z » mM —-» G. Consider the 3 foliations
Py, P;,P; of M such that each leaf of the preimage of Py in [(53)° — A]4 is of the
form L, = {(p,q,7) € [(S%)® — Al+ : ¢,7 € S5 — p,q # r}. M admits 3 Anosov flows
X1,X2, X3 such that: P, and P; are the expanding and contracting foliations for X3, P,

and P;, respectively P; and P;, are the expanding and coritracting foliations for X,

respectively X,.
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. Observation 1. Suppose G = $oo(G) is orientation preserving and quasiisometric to
H2, and contains an element 4 of order 3. Then with M =[(SL)}—A)+,M = M/G, then
order 3 symmetry (p,q,r) — (g,7,p) descends to M, and fixes a set C1,...Cn of circles,
one for each conjugacy class of cyclic subgroups of order 3. For instance {(p, p, v’p):p€
51} projects to the circle corresponding to the conjugacy class of (y). According to [Th]
it follows that Ci,...Cy are fibers in a Seifert fibration, so G is a Fuchsian group.

Observation 1 is due mainly to Bob Edwards. It was also known to Rubinstein and

Scott.

Observation 2. If G = ¢uo(G), G is a rational Poincare duality group. If in addi-

tion G is torsion free, G is the fundamental group of a closed surface of negative Euler

characteristic.

According to Rips’s theorem ([G1]), G acts simplicially on a finite dimensional con-
tractible polyhedron with finite stabilizers and compact quotient. From the spectral se-
quence of the group extension Z — m;M — G it follows that H (G,QG)=0(i #2),2(i =
2) and that if G is torsion free, H{(G,ZG) =0(i # 2),2(:1 = 2). G is FL over Q and
if G is torsion-free, G is FL over Z. By theorem 10.1 in [Bw] G is a rational Poincaré
duality group (and an integral Poincaré duality group, if G is torsion free), of formal
dimension 2. By [Co] this implies that b;(G) >0, so M is Haken, hence Seifert fibered,
so G is a surface group. Note that there is no need to quote [Mu], [E-M], [E-L]. Tukia
has shown [Tul] that if G is a discrete uniformly quasisymmetric group or more generally
a convergence group acting on S, then either G has a “simple axis”, i.e. there is an
incompressible torus in [(SL)? — Al4+/G or G contains a semitriangle group H as a finite
index subgroup, i.e. H is generated by two elements a,b of orders p,q and ab is of order
r < oco. This extends a theorem of Nielsen as corrected by Zieschang in [Z] from virtually
Fuchsian groups to convergence groups. In particular, Tukia proves, independently from
[Co), that if G is a torsion free convergence group acting on S, G is a free group or the

fundamental group of a closed hyperbolic surface.

In [G1], Gromov defines and studies hyperbolic groups. A hyperbolic group G has
a boundary OG. It is easy to see that a hyperbolic group acts as a convergence group
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on 8G. On p. 112 of [G1], Gromov states that if G is a hyperbolic group and 9G is
homeomorphic to S!, and G is torsion-free, then G is the fundamental group of a closed
hyperbolic surface. (Gromov informs me that the hypothesis that G be torsion-free is
intended on p. 112 of [G1]).) Thus his result is confirmed by Tukia’s work and by the

* argument above based on Rips’s theorem.

If M is a 3-manifold with Z(myM) = Z, m,/Z(7,) not a torsion group, and G =
71/2Z(m) not a Euclidean crystallographic group, a boundary 8G = S ! on which G acts
can be constructed. Sketch: Start with a collection of annuli in the covering space Mz(x,),
each of which covers a map T? — M and such that each maximal rank 2 abelian subgroup
of 1M corresponds to a unique annulus. A cyclic order can be defined on the collection

of ends of the annuli. Adjoining Dedekind cuts gives an S?, upon which G acts.

Scott (unpublished) has given a more metrical construction of the circle at infinity,
like Floyd’s construction [F] of the group completion, and can show that G acts as a
convergence group on the circle at infinity. Using Tukia’s result, this shows that G is a
cocompact Fuchsian group (which implies that G is coarse quasiisometric to the hyperbolic
plane), except possibly if G contains a finite index semitriangle group, in which case Tukia’s
result does not show that G is even coarse quasiisometric to the hyperbolic plane. Thus
theorem 7 gives new information about i) semitriangle groups ii) the existence of elements
of infinite order and iii) groups G not known a priori to arise as m(M)/Z(m M) for
some 3-manifold M, as well as a different construction of an action on a circle at oo if
G = 7 (M)/Z(x M)). It seems possible that the proof that two dimensional Poincaré
duality groups are surface groups can be simplified in this way.

84. Groups which are coarse guasiisometric to planes: random walks.

THEOREM 10. Given a closed P?-irreducible $-manifold M, suppose Z a Z(m, M)
and G = m1M[Z is coarse quasiisometric to R, a complete Riemannian plane of bounded

geometry. Suppose R is conformal to C. Then a) G is virtually rank 2 abelian b)) M 1is
Sesfert fibered.

PROOF. b) follows from a) by [S1]. Many readers will be unfamiliar with random

walks on groups and their relationship with harmonic functions. [DS] is a very readable
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introduction.

Step 1. Fix a disc D in R with smooth boundary 8D. A flow to infinity in an
n-dimensional Riemannian manifold from the boundary 8D of a compact submanifold
consists of a closed (n —1)-form ¢ (it is sometimes useful to consider the dual vector field
(*p)*), such that [, ¢ = 1. ¢ has finite power if [}, o |p]? dV < oo. Claim: there is
no flow to infinity from 8D on R of finite power. Indeed if such a ¢ existed, then given
any annulus A with & A = 8D, 8;A separating 0D from infinity, there would exist a
harmonic form ¥ on A with [, ¥ =1, [, ¥A«x¥ < [, o A*p < [3y polpl?dV < co.
But then the extremal widths of annuli A would be bounded, contradicting the fact that
R is conformal to C.

Step 2. There is no flow to infinity of finite power from a compact submanifold of M
where M is provided with the metric, constructed in the proof of corollary 1 of theorem
5, in which S! acts isonietrica.lly on M with quotient R.

PROOF. Let p: M — R be the projection. It is easy to see that the existence of a
finite power flow to infinity is independent of the compact set, which may be taken to be
p~1D for a disc D C R. Given a finite power flow ¢, average ¢ using the S? action; the

resulting flow @ is of finite power and projects to a flow on R.

Step 3. There is no flow to infinity of finite power from a compact set in M (with its
metric pulled back from M ) because a bounded change of metric changes the power by a
bounded amount. |

Step 4. Given a graph X with a set E of (undirected) edges, a (unit) flow on X isan
R valued 1-chain ¢ satisfying 8 = 1- P for some single vertex u. ¢ has finite power if
Teeepi(e) < oo.

Claim: the Cayley graph of G has no unit flow of finite power. First, this is independent
of the set of generators. In fact the existence of a finite power flow to infinity is a coarse
quasiisometric invariant of a graph [DS]. Fix a Heegaard splitting of M : M = H; U H
where H; is a regular neighborhood of a bouquet of circles. Use these circles as generators
of G: G= (gf: yeoo gf) Now if the associated Cayley graph X (G) admitted a finite power
flow to infinity ¢, M would admit a finite power flow to infinity say, ¥, supported in H
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the;preimage of H; and satisfying [ p, ¥ = p(e) where D, is an (oriented) meridional disc
of H;. Although this is obvious, here is a proof: There are k meridional discs D,,,...D,,
in H,; corresponding to the k generators of G. Cutting H; on Dy, U...UD,, gives a
manifold with corners, say B. OB contains 9k discs Dgl’Dgrl"’ .ng,Dy:l. Given a
vertex v of X(G), H; contains a corresponding copy B, of B. Edges e4(v),g € § =
{g' 11 < k} leave v : e,(v) joins v to vg. Let E(v) denote the edges at v. For
v # u, Tyesp(eg(v)) = 0. The restriction ¢, of ¢ to the edges e4(v), g € S can
be written, by induction as ¢, = Efﬁ;l @i where ¢; = 0 except on two edges say
i) (V) € (i) (V) pilegeiy) = 0 and pi(ey(i)(v)) + pi(eg(iy(v)) = 0. Now given a pair of
faces, D,,D, of B where a # b,a,b € S, there is a unit flow ¥,; from D, to Dj,
such that Was|n(p,) respectively Was|n(D,) is independent of b, respectively a, for some
neighborhoods N(D,), N(D;). Moréover ¥,y can be chosen to be 0 near 0B. There is
some C such that fB | ¥ 48+ |¥ca|dV < C independent of a,bd,c,d. Now to the finite energy
flow ¢ on X(G) there corresponds a smooth flow ¥ from B, to infinity on M such that,
for v #u ¥lp, = p*(X; vi(eg(i)(v))¥y¢i),g'(i)) (Note that g(i),¢'(:) actually depend on
v as well as i.) Let a; = p(ey(;)(v))- Now '

2k—1

[ 1#rav sey e s SO Kt

¢€E(v)

G0 ),EXE(:.,) (o)l

so [ |¥[2dV < C'Y, e poy l(€)2

Step 5. Given a graph X, and, for each vertex z € X a set {p(e) : e € E(z)} of
nonnegative real numbers such that 3 cp(,)P(e) = 1, random walk on X starting at
a vertex = consists of a probability space 2 and random variables w, : @ — X, n =
0,1,2,... such that i) wp = z for any a € R, ii) P(wn41 = ylwa = z) = 3 p(e)
where the sum is over edges from z to y and iii) given wy, wn41 is independent of w;
for i < n. More formally, P(wa41 = ylwn = z) = P(wn4+1 = y|A) for any subset A
of the set w, = z which is in the o-field generated by wy,...w,. In particular, given

G = {g1,..-91|R), random walk on X(G) means the random walk such that P(wn41 =

22



glwn =h) = -#{s € S={gf,...9} : g7 h = p(s)}. Here ¢ : (g1,...9a] ) = G is
the canoniéa.l quotient map.

‘Random walk on X(G) is either recurrent, that is random walk starting at e € G even-
tually returns to e with probability 1, or transient, that is, there is a probability p > 0 that
the random walk escapes to infinity; and if random walk is recurrent, with probability one
random walk returns infinitely often to e. Given a random walk, let p,(z,y) be the proba-
bility of being at y at time m+n given that w, = z. N, the number of times the random
walk returns to e, is a random variable; N = Y77 | 1y, =¢) and E(N) =372 Py(e,e).
Let p be the probability of eventually returning to e; then E(N) =Y °p" = p/(1 - p)
if p < 1, and the walk is recurrent if and only if Y .. , Pa(e,€) = co.

Now assume G = m; M/Z. Since the Cayley graph of X(G) admits no finite power unit
flow to infinity, random walk on X(G) is recurrent. See e.g. [DS],[LS] for the equivalence
of the existence of a finite power flow and transience of random walk, and Theorem 1 of

[V1] for an alternative approach. Recently Varopoulos proved [V2,V3,V4; see also M] the
following theorem.

THEOREM A. Suppose G is a finitely generated group and ~y(n) is the growth function
of G (with respect to a generating set S =S~1).

a) If n4/y(n) = 0 as n — oo, then given € > 0 P,(e, ) < Cn~4/2+¢

b) If 4(n) < Cn# for some C,A and infinitely many n, then G is virtually
nilpotent, and

¢) for some nonnegative integer, ¢;n? < y(n) < c;n? and

d) cn~%? < Py(e,e) < cpn=4/?

e) Thus random walk on X(G) is transient unless G is virtually abelian of rank
0,1, or 2, in which case it is recurrent.

(Part b) is a slight strengthening, originally due to [VW], of Gromov’s theorem on
polynomial growth [G2]; ¢) is from [Ba).)

With G as the statement of theorem 10, G is virtually rank 2 abelian since G has 1
end. For this application only a) and b) of theorem A are required, as nilpotent 3-manifold
groups are classified in [H].
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THEOREM 11. If a finitely generated group G is coarse quasiisomeiric to a Rieman-
nian plane R, then G is coarse quasiisometric to the euclidean plane or to the hyperbolic
plane. .

PROOF. By corollary 3 of theorem 5, we may assume R has bounded geometry. By
theorem 7 we may assume R is _confoﬁna.lly equivalent to C. It is easy to embed the
Cayley graph of G in R x S! with bounded distortion and then step 4 applies; the rest of
the proof of theorem 10 is unaffected.- O
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